In this paper we present an example of a new strange attractor. We show that it belongs to a class of wild pseudohyperbolic spiral attractors. We find this attractor in a four-dimensional system of differential equations which can be represented as an extension of the Lorenz system.
Introduction
In this paper we present an example of a new strange attractor. We show that it belongs to a class of wild pseudohyperbolic spiral attractors. A theory of pseudohyperbolic spiral attractors was laid in [1] , however examples of concrete systems of differential equations with such attractors were not known.
We consider the following system of differential equation
= σ(y − x), y = x(r − z) − y, z = xy − bz + µw, w = −bw − µz, (1) where σ, r, b and µ are parameters. This system can be viewed as a four-dimensional extension of the classical Lorenz model. When µ = 0 the hyperplane w = 0 is invariant and in restriction on it the system is exactly the Lorenz model. System (1) was proposed in [2] , see Part 2, Appendix C, problem C.7.No.86, as a possible candidate for a system with a wild spiral attractor. We perform a series of numerical experiments with the strange attractor which exists in the system at µ = 7, σ = 10, b = 8/3, r = 25, see Fig. 1 . We demonstrate that this attractor is indeed pseudohyperbolic and wild.
The pseudohyperbolicity is a key word here. It means that some conditions hold (see Definition 1) which guarantee that every orbit in the attractor is unstable (i.e. it has a positive maximal Lyapunov exponent). Moreover, this instability property holds for all small perturbations of the system.
Recall that one of the main problems of the theory of dynamical systems is connected with the fact that most of the strange attractors discovered in various applications may, in fact, contain stable periodic orbits. These periodic orbits may have quite narrow attraction domains, so we do not see them in numerical experiments, however their existence (either in the system itself or after a small variation of parameters) can be inferred from the existence of homoclinic tangencies [3, 4, 5, 6] . In this case one can observe a chaotic behavior (with positive Lyapunov exponent) but never be sure that increasing the accuracy or the computation time would not make the maximal Lyapunov exponent vanish. Such strange attractors, "pregnant" by stable periodic orbits, were called quasiattractors by Afraimovich and Shilnikov [7] . The corresponding dynamics may appear chaotic for practical purposes. However, from the mathematical point of view, it is a complicated and, in general, principally unsolvable [8] question whether the dynamics in a given system with a quasiattractor are truly chaotic or become periodic after a long transient process.
Examples of the Afraimovich-Shilnikov quasiattractors are numerous. They include "torus-chaos" attractors arising after the breakdown of two-dimensional tori [9] , the Hénon attractor [10, 11] , attractors in periodically perturbed two-dimensional systems with a homoclinic figure-eight of a saddle [12] , attractors in the Lorenz model beyond the boundary of the region of Lorenz attractor existence [13, 14] , spiral attractors in three-dimensional systems with a Shilnikov loop [15, 16, 17, 18, 19] , etc. However, there exist small classes of genuinely chaotic attractors where chaotic dynamics are not destroyed by small perturbations. These are uniformly hyperbolic attractors, see e.g. book [20] and references in it, and Lorenz-like attractors [21, 22, 23, 24] . Both uniformly hyperbolic and Lorenz attractors are partial cases of pseudohyperbolic attractors, as proposed in [1] .
The following definition generalizes the corresponding definition from [1] for a pseudohyperbolic forward invariant set A of a flow F (i.e. such invariant set that F t (A) ⊂ A for t > 0).
Definition 1.
A compact, forward invariant set A of an n-dimensional C r -flow F , r ≥ 1, is called pseudohyperbolic if it possesses the following properties.
1)
For each point x of A there exist two linear subspaces, E 1 (x) with dim E 1 = k and E 2 (x) with dim E 2 = n − k, which are invariant with respect to the differential DF of the flow:
DF t E 1 (x) = E 1 (F t (x)), DF t E 2 (x) = E 2 (F t (x)), for all t ≥ 0 and all x ∈ A.
2) The subspaces E 1 (x) and E 2 (x) depend continuously on the point x ∈ A.
3) The splitting to E 1 and E 2 is dominated, i.e., there exist constants C > 0 and β > 0 such that
for all t ≥ 0 and all x ∈ A. (This means that any possible contraction in E 1 (x) is weaker than any contraction in E 2 (x) and any possible expansion in E 1 is stronger than any expansion in E 2 ).
4)
The linearized flow DF restricted to E 1 stretches k-dimensional volumes exponentially, i.e., there exist constants C > 0 and σ > 0 such that
for all t ≥ 0 and all x ∈ A.
In this paper we consider the cases where the subspaces E 2 (x) are exponentially strongly contracting and the subspaces E 1 (x) are central unstable. Thus, using the standard notation of the normal hyperbolicity theory we will also write E ss (x) and E cu (x) instead of E 2 (x) and E 1 (x), respectively.
Note that condition 3 implies that the subspaces E 1 (x) and E 2 (x) are transverse to each other and the angles between any vector in E 2 (x) and any vector in E 1 (x) are uniformly bounded from zero [25] .
If the pseudohyperbolic set A is an attractor, we call it a pseudohyperbolic attractor. There can be different definitions of an attractor [26] but we expect that in reasonable cases the attractor should have an absorbing domain, i.e., a strictly forward-invariant open region D that contains A. We use the Ruelle's definition [27] of an attractor as a chain-transitive compact closed invariant set, stable with respect to permanently acting perturbations, see details in [28] . Such attractor is always an intersection of a countable sequence of nested absorbing domains.
If all forward-orbits from D enter a sufficiently small neighborhood of A, then it can be shown that the closure of D is also a pseudohyperbolic set. In this case, condition 4 obviously guarantees that for every orbit from D the maximal Lyapunov exponent is positive. Importantly this property is preserved after any C 1 small perturbation. Indeed, since D is strictly forward-invariant it will remain forward invariant for any perturbed system. The dominated splitting conditions 1-3 are also known to survive [29, 30, 31] and the same is obviously true for the volume-expansion condition 4. Thus, cl(D) remains a pseudohyperbolic set and, even if the attractor A inside D changes drastically, it will anyway remain pseudohyperbolic and every orbit of A will have positive maximal Lyapunov exponent.In other words, if an attractor is pseudohyperbolic, then stability windows, typical for Afraimovich-Shilnikov quasiattractors cannot arise. In fact, we believe that the following conjecture is true: P or Q conjecture. An attractor is either pseudohyperbolic or a quasiattractor.
The rationale behind this conjecture is as follows. If we have a chaotic attractor, then it probably should have saddle periodic orbits inside. If the attractor is not pseudohyperbolic, then it is not hyperbolic by the definition. Now, in the absence of uniform hyperbolicity one can expect that nontransverse intersections of stable and unstable manifolds of the saddle periodic orbits can be created by small perturbations of the system. It is natural to assume that if the attractor is not pseudohyperbolic, then at least some of such newly created homoclinic tangencies are not pseudohyperbolic 1 . In all known cases bifurcations of non-pseudohyperbolic homoclinic tangencies lead to creation of stable periodic orbits [32, 33, 34] . It is not clear how to transform this arguments to a mathematical proof but if it can indeed be carried through, then it would show that without the pseudohyperbolicity any attractor is an Afraimovich-Shilnikov quasiattractor.
In accordance with this philosophy, in order to reliably establish the chaotic dynamics in a given system, it is not enough to evaluate Lyapunov exponents -one needs to check the pseudohyperbolicity of the numerically observed attractor. In term of numerical simulations, if we take a representative trajectory in the attractor and compute Lyapunov exponents Λ 1 ≥ Λ 2 ≥ · · · ≥ Λ n , then condition 4 from Def. 1 transforms into
and conditions 1 and 3 become
The remaining condition 2 requires the computation and analysis of the invariant subspaces E 1 and E 2 corresponding to the Lyapunov exponents Λ 1 , . . . , Λ k and Λ k+1 , . . . , Λ n , respectively. In this paper we propose an effective method of verifying condition 2, see Sec. 1.1. We apply this methodology to system (1). We show numerically that at µ = 7, σ = 10, b = 8/3, r = 25, the system has an absorbing domain with a pseudohyperbolic attractor. Here dim(E ss ) = 1 and dim(E cu ) = 3. We also check that the system has a 3-dimensional cross-section in the absorbing domain and the structure of the Poincaré map is in an agreement with a geometrical model described in [1] . Therefore, according to [1] the pseudohyperbolic attractor is the only Ruelle attractor in the absorbing domain and it contains the equilibrium state at zero.
This equilibrium state is a saddle-focus with 1-dimensional unstable manifold and 3-dimensional stable manifold. The fact that this equilibrium is a saddle-focus means that the eigenvalues nearest to the imaginary axis are complex. This implies that the trajectories in the attractor that pass near the saddle-focus have a characteristic spiral shape.
It is worth noting that numerous examples of strange attractors where trajectories spiral around a saddle-focus equilibrium have been observed in models of different nature e.g. Rossler system [35] , ACT-systems [15, 16, 17] , Rosenzweig-MacArthur system [36, 37] , chemical oscillator systems [19] , Chua circuit [18] etc. Chaoticity of such attractors is explained by the classical Shilnikov theorem [39, 40] : if a system has a homoclinic loop to a hyperbolic equilibrium state for which the two nearest to the imaginary axis eigenvalues are complex, then there exists a hyperbolic set in any neighborhood of the homoclinic loop 2 . Thus, if we observe a "spiral attractor", then we can expect the existence of Shilnikov loop for nearby values of parameters, and the hyperbolic set predicted by Shilnikov theorem can be a part of the attractor. However, in many cases the spiral attractor is a quasiattractor. For example, in three-dimensional systems of differential equations for which the divergence of vector field is negative (in particular, for all systems mentioned above) every numerically observed spiral attractor must be a quasiattractor. It just follows from the results of [41, 42] that an arbitrarily small perturbation of a three-dimensional system with a homoclinic loop to a saddle-focus with negative divergence gives rise to stable periodic orbits which coexist with the Shilnikov hyperbolic sets.
As our example of system (1) shows, spiral attractors in dimension 4 and higher can carry a pseudohyperbolic structure and, therefore, be not quasiattractors. Homoclinic loops can still be a part of the attractor but the pseudohyperbolicity prevents the birth of stable periodic orbits from such loops.
We believe that in system (1) parameter values corresponding to homoclinic loops to a saddle-focus are dense in the region of existence of the pseudohyperbolic spiral attractor (see more discussion on such conjecture in [1, 43] ). We provide a numerical evidence for this in Sec. 2.3, see the so-called "kneading diagrams" in Fig. 12 . By [41, 42] bifurcations of such homoclinic loops lead to emergence of homoclinic tangencies, i.e., orbits of nontransverse intersection of stable and unstable manifolds of saddle periodic orbits. In turn, bifurcations of homoclinic tangencies create the so-called wild hyperbolic sets [44, 45, 46] . The notion of a "wild hyperbolic set" was introduced by Newhouse [44] ; this is a uniformly hyperbolic invariant set which has a pair of orbits such that the unstable manifold of one orbit has a nontransversal intersection with the stable manifold of the other orbit in the pair and this property is preserved for all C 2 -small perturbations 3 . We claim that in the plane of parameters of system (1), in the region of existence of the observed pseudohyperbolic attractor there exists an open and dense subset of parameter values for which the attractor contains a wild hyperbolic set. This follows from the observed density of parameter values corresponding to Shilnikov homoclinic loops and a result of [1] (theorem 4) that arbitrarily close to any parameter value corresponding to a homoclinic loop there exists an open set of parameter values for which the pseudohyperbolic attractor of the geometrical model of [1] contains a wild hyperbolic set.
Recall that the attractor in this case is the set of all points which are attainable from the saddle-focus equilibrium by ε-orbits for all arbitrarily small ε > 0, see theorem 1 from [1] . Therefore, the claim that the wild hyperbolic set belongs to the attractor means that this set is attainable from the saddle-focus. It follows that the entire unstable manifold of the wild hyperbolic set is also attainable from the saddle-focus and, hence, belongs to the attractor. In particular, the orbits of tangency between the unstable and stable manifolds of the wild hyperbolic set also belong to the attractor. It is important because bifurcations of any homoclinic tangency create homoclinic tangencies of arbitrarily high orders, i.e., they cannot be completely described within any finite-parameter unfolding [8, 48] . Thus, the bifurcations of the pseudohyperbolic attractor in system (1) cannot admit a finite-parameter description.
For example, a two-parameter bifurcation diagram (the "kneading diagram" presented in Fig. 12 has a characteristically irregular structure. We borrowed the idea of constructing the kneading diagram from [49, 50] . In particular, in these papers, kneading diagrams were built for classical 3-dimensional Lorenz and Shimizu-Morioka systems and it was noted that the kneading diagrams in the regions of existence of the Lorenz attractor have a nice foliated structure, while in the parameter regions where the attractor becomes a quasiattractor the kneading diagrams become "blurred" indicating, thus, the emergency of homoclinic tangencies. A similar blurred structure of the kneading diagram we obtain for system (1) confirms the wildness of the pseudohyperbolic attractor we have found in this system.
Content of the paper. In Sec. 1 we consider the classical Lorenz model and discuss the pseudohyperbolic properties of its attractors. For this goal, in Sec. 1.1 we propose and describe a quite simple numerical method for verification of conditions of Definition 1, the so-called LMP-method (the Light Method for checking Pseudohyperbolicity). This method allows, in particular, to confirm that the Lorenz attractor for classical values of parameters (σ = 10, r = 28, b = 8/3) is pseudohyperbolic, while the attractor for σ = 10, r = 35, b = 8/3 is a quasiattractor, see Fig. 2 . In Sec. 1.2 we observe some methods of analytical proofs of the existence of Lorenz-like attractors and apply the LMP-method for three-dimensional maps. Section 2 contains main results of the paper. In Sec. 2.1 we describe and illustrate the simplest geometrical model (for a 3-dimensional Poincaré map of 4-dimensional flow) admitting the existence of a wild spiral attractor. In Sec. 2.2 attractors of system (1) are numerically analyzed and we show, by the LMPmethod, that the attractor at σ = 10, b = 8/3, r = 25, µ = 7 is pseudohyperbolic. In Sec. 2.3 we check the wildness of this attractor.
The Lorenz attractor and its pseudohyperbolicity.
In this section we consider the classical Lorenz model as the simplest example of a system possessing a pseudohyperbolic attractor. Also we describe here the LMP-method and show that it can be applied for verification of pseudohyperbolicity of attractors both in the Lorenz system and in three-dimensional Hénon maps. ) corresponding to the existence of the pseudohyperbolic Lorenz attractor, the curves l 1 , l 2 and l 3 are well-known, see e.g. [13] , the curve l A=0 was first computed in [14] .
Consider the classical Lorenz model
depending on three parameters σ, r and b. It is well-known from the Tucker's paper [24] that, for the classical values of parameters (σ = 10, r = 28, b = 8/3), "the Lorenz attractor exists", i.e. it satisfies conditions of the Afraimovich-Bykov-Shilnikov geometrical model [22, 23] . In other words, it is pseudohyperbolic in terms of [1] . Thus, for each point of some absorbing domain D of the Lorenz attractor, there exist two linear subspaces E 2 = E ss with dim E 2 = 1 and E 1 = E cu with dim E 1 = 2, which are invariant with respect to the differential DF t of the flow (2) and such that conditions of Definition 1 are satisfied.
Moreover, numerics, see e.g. [14] , show that there is some region LA on the (σ, r)-parameter plane (for b = 8/3), see Fig. 2b , where the genuine (pseudohyperbolic) Lorenz attractor can exist. This region has two natural bifurcation boundaries. The left boundary of LA is the well-known bifurcation curve l 2 that corresponds to the moment when the unstable separatrices of the saddle equilibrium O(0, 0, 0) become lying on the stable manifolds of certain saddle limit cycles L 1 and L 2 . Recall also that these cycles are born from the homoclinic butterfly of the saddle O creating on the bifurcation curve l 1 . When crossing the curve l 2 the Lorenz attractor appears immediately and, at beginning, it coexists with the stable equilibria O 1 and O 2 .
Curve l 3 corresponds to the subcritical Andronov-Hopf bifurcation [47] . Here the cycles L 1 and L 2 merge with the equilibria O 1 and O 2 (it happens at r = r 3 ≃ 24.74 if we fix b = 8/3 and σ = 10). In the region to the right of l 3 , O 1 and O 2 are saddle-foci of type (1, 2) and the the Lorenz attractor becomes now the unique closed invariant attracting set of system (2) . 4 The right boundary l A=0 of region LA was numerically found in [14] and it also the bifurcation curve. This curve is densely filled by points in which the so-called separatrix value of the corresponding homoclinic loops of O is vanished. Geometrically this means the appearance of "hooks" in the Poincaré map for values of parameters to the right of this curve, see Fig. 2c . It follows the appearance of homoclinic tangencies of saddle periodic orbits and, correspondingly, the attractor becomes a quasiattractor.
Note that, for the values of parameters from region LA, there exists a continuous invariant foliation F ss in the Poincaré map. This foliation consists of the leafs of form y = h(x), where h is a Lipschitz function (with a small Lipschitz constant) [23] , see Fig. 2a . Such foliation does not exist to the right of LA, see Fig. 2c . In fact, the existence of foliation F ss is a consequence of the fact that the subspaces E ss (x) depend continuously on a point of the domain D. The latter property (the continuity of E ss (x)) can be verified numerically by the LMP-method that is described below.
Light method for verification of pseudohyperbolicity.
Note that there are powerful analytical and computer methods for proving / disproving hyperbolicity of strange attractors. Similar methods was recently developed for pseudohyperbolic attractors. All these methods can be conditionally subdivided into two groups, search methods and verification methods. In particular, in our recent works, new qualitative search methods have been proposed, including such ones as new phenomenological bifurcation scenarios of the appearance of strange attractors [51, 52, 53] , and new search methods based on the effective using the so-called "saddle charts" [53] and modified Lyapunov diagrams. All these methods are aimed at checking only evidently necessary conditions. For example, when we have a Lorenz-like attractor of three-dimensional flow, it has to satisfy the natural conditions like such as
• the equilibrium should be pseudohyperbolic (i.e. it is a saddle with eigenvalues λ 3 < λ 2 < 0 < λ 1 such that λ 1 + λ 2 + λ 3 < 0 and λ 1 + λ 2 > 0);
• the spectrum of Lyapunov exponents Λ 1 > Λ 2 > Λ 3 for orbits on the attractor satisfies the conditions
Note that conditions (3) are always fulfilled for any strange attractor of three-dimensional flow, since we have that Λ 2 = 0 for almost all orbits. However, in the case of threedimensional maps, condition (3) should be checked undoubtedly, if the attractor is not surely hyperbolic.
However, it is well known that not all chaotic attractors of three-dimensional flows, and the more so for three-dimensional maps, are pseudohyperbolic. Thus, we strongly need some additional numerical methods that give more confidence that the attractor is genuine. Such methods exist, for example, one can note the Tucker's methods of rigorous numerics [24] based on interval arithmetic. However, these methods are very difficult and too time-consuming for using it in our simple and standard numerics directed more for searching attractors than for their delicate studying. Instead this, we propose in this paper a sufficiently simple but quite effective "light method" for verification of pseudohyperbolicity (LMP-method) of strange attractors of multi-dimensional flows and maps. We illustrate this method for the classical Lorenz system (in Sec. 1.1) for threedimensional Hénon maps (in Sec. 1.2) and, finally, (in Sec. 2) for the four-dimensional Lorenz system (1).
The essence of the LMP-method consists in the fact that we pay more attention to checking sufficient conditions of pseudohyperbolicity (in fact, mainly condition 2 from Def. 1) for flows that, in the same manner, can be reformulated for maps.
In this paper we consider only the cases when the space of strong contraction E ss (x) is one-dimensional and, thus, dim(E cu (x)) = N − 1. Since E ss (x) depends continuously on a point x, the angles ϕ between any vectors E ss (x) and E ss (y) should be close for nearby x and y. In fact, the LMP-method allows us to calculate these angles and, thus, to verify continuity of the field E ss (x) of strong contacting directions at points of the attractor. Concerning continuity of E cu (x), we note that it can be reformulated as a continuity of vectors v cu (x) orthogonal to hyperplanes E cu (x). Now we describe in details the numeric LMP-method for verification of the continuity of subspaces E ss (x). The process of calculations consists of two stages. The first stage is standard: we calculate the spectrum of Lyapunov exponents Λ 1 , Λ 2 , Λ 3 (if conditions 3 or 4 of Def. 1 are not valid, we can stop calculations) and, in parallel, we store the sequence of points N = {x n }, n = 1, ...k on a trajectory.
The second step is not quite standard: we calculate the maximal Lyapunov exponent together with the corresponding vectors of the strongest expansion for the system in backward time. Importantly that the points of backward orbit are forcibly attached to the sequence N of the points of attractor.
5 Note that the maximal Lyapunov exponent for backward iterations is equal with a minus sign to the minimal Lyapunov exponent Λ 3 , and during these calculations we find vectors E ss (x n ). As the final result of calculations, we construct the LMP-graph on the (ρ,
We note that if the attractor is pseudohyperbolic, which implies that the field E ss (x) is continuous, the LMP-graph has to intersect the ϕ-axis only at the origin (ρ = 0, ϕ = 0). Thus, if the constructed LMP-graph satisfies this property, we can conclude that our attractor should be surely pseudohyperbolic. On the other hand, if the LMP-graph intersects the ϕ-axis in other points, except for ϕ = 0 (or there is no a visible gap between the points of graph and the ϕ-axis), we say that the attractor is a quasiattractor.
In the case when E ss (x) is visually continues, we can additionally check the continuity of E cu (x) and construct the analogous LMP-graph for vectors v cu (x). For computing vectors v cu (x) orthogonal to E cu (x), we can use the following simple fact from linear algebra: the matrices A and A ⊤ have the same eigenvalues and their eigenvectors corresponding to different eigenvalues are orthogonal. Indeed, let l and m be eigenvectors of matrices A and A ⊤ with eigenvalues λ and µ, i.e. Al = λl and A ⊤ m = µm. Then one has µ(l, m) = (l, µm) = (l, A ⊤ m) = (Al, m) = λ(l, m). If µ = λ, it follows that (l, m) = 0. Let now F t be a three-dimensional flow. Then, for generic points x of attractor, the matrix DF t (x) has eigenvalues λ i , where 0 < λ 1 < 1, λ 2 = 1 and λ 3 > 1. Let e i be the corresponding eigenvectors. Then, the vector e 1 lies in E ss (x) and the vectors e 2 and e 3 compose the basis in E cu (x). Thus, we consider as v cu that eigenvector of the matrix DF f (x) ⊤ which has the eigenvalue λ 1 . Correspondingly, the LMP-graph for the field v cu (x) is constructed in the same manner and in parallel with the LMP-graph for E ss (x). However we not that, the moment when λ 1 becomes equal to 1 (it is happened always when E ss (x) is discontinuous) is very rarely found in numerics with three-dimensional flows. Therefore, the field v cu (x) can look continuous even if the field E ss (x) is definitely discontinuous, compare Figs 3a and 3b from the bottom line.
In Fig. 3 there are presented phase portraits (top line) and the corresponding LMPgraphs for two attractors of system (2) for E ss (x) show that the attractor is quasiattractor, but the LMP-graph for v cu (x) does not feel it.
1.2 On analytical proofs of the existence of Lorenz-like attractors and applying the LMP-method for three-dimensional maps.
We note also that the genuine Lorenz-like attractors in three-dimensional flows can be found analytically by using some criteria of their appearance under global and local bifurcations. So, in [54] , it was given an analytic (free of computer assistance) proof of the existence of the classical Lorenz attractor for an open set of parameter values of the Lorenz model written in the form of Yudovich-Morioka-Shimizu. The proof was based on detection of a homoclinic butterfly with a zero saddle value and rigorous verification of one of the Shilnikov criteria [55] for the birth of the Lorenz attractor. Note also that in the paper [56] it was proved that the Lorenz attractor can be born as result of local bifurcations of an equilibrium with a triplet of zero eigenvalues. This allows, for example, to purposefully find the Lorenz attractors in systems containing a sufficient number of parameters.
Another very interesting result from the paper [56] , shows related to the fact that bifurcations of fixed points with a triplet multipliers (−1, −1, +1) can also lead to the birth of discrete Lorenz-like attractors in the case of maps. It is worth noting one more important result from the paper [43] in which it was shown that periodic perturbations of systems with the Lorenz attractors do not destroy pseudohyperbolicity in that sense that the corresponding Poincaré map will possesses a discrete Lorenz attractor. This attractor is robust and pseudohyperbolic if the perturbation is sufficiently small. Examples of such attractors were found in the paper [57] , in which it was shown that for the threedimensional Hénon maps of form
where M 1 , M 2 , B are parameters (B is the Jacobian), in a certain domain of parameter values adjoining the point A * = (M 1 = 1/4, M 2 = 1, B = 1), there exist discrete Lorenz attractors.
The pseudohyperbolicity of such attractors was claimed in [57] due to the fact that for values of parameters close to A * , the second power of map (4) in some neighborhood of a saddle fixed point can be represented as the Poincaré map of a periodically perturbed Shimizu-Morioka system, which, in turn, has the Lorenz attractor [58, 59] . If the perturbation is sufficiently small (which is determined by the closeness of the values of parameters to A * ), then the desired pseudohyperbolicity should naturally be inherited from the pseudohyperbolicity of the Lorenz attractor [43] .
In Fig. 4 we show examples of discrete Lorenz attractors for map (4) . We note that the phase portraits of these attractors are very similar to portraits of the Lorenz attractors for flow. However, we see that the corresponding values of the parameters are not nearly close to A * . Therefore, the conditions for pseudohyperbolicity of such attractors need to be checked additionally. The result of verification of these conditions by the LMP-method is shown in Fig. 4 , where we represent the LMP-graphs for the corresponding discrete Lorenz attractors. Here the LMP-graphs are obtained by plotting every second iteration of the map, because of the field E ss of strong contracting directions is nonorientable here (this is inherited by the fact that the strongly stable eigenvalue of the fixed point O(0, 0, 0) is negative). In Fig. 4c the graph for E ss (x) shows that the field E ss in this case is not continuous and, hence, the attractor is certainly a quasiattractor. The field E cu is also discontinuous here. It is not the case for attractors from Fig. 4a and 4b , where the graphs show that the fields E ss (x) and E cu (x) are both continuous. Thus, we can conclude that the attractor from Fig. 4a and 4b are pseudohyperbolic.
Four dimensional Lorenz model with wild spiral attractor
The foundation of the theory of pseudohyperbolic attractors was laid in the paper [1] , in which a geometric model of the wild spiral attractor for a four-dimensional flow was constructed. This attractor contains a saddle-focus equilibrium O with eigenvalues γ, λ ± iω,λ, where γ > 0 > λ >λ and, besides, γ+2λ > 0 and the divergence in O is negative, i.e. γ +2λ+λ < 0. Thus, the point O is pseudohyperbolic and dim E ss (O) = 1, dim E cu (O) = 3; here the vector E ss (O) is collinear to the eigenvector corresponding to the strong stable eigenvalueλ and the three-dimensional plane E cu (O) contains eigenvectors corresponding to three other eigenvalues of O (thus, the plane E cu (O) touches at the saddle-focus O its central unstable invariant manifold). The geometrical model constructed in [1] can be consider as an extension of the Afraimovich-Bykov-Shilnikov model from [22, 23] for the case when the saddle (2,1) is replaced by the saddle-focus of type (3,1) and the flow under consideration is four-dimensional.
The flow from [1] was described only phenomenologically with using certain geometrical constructions. In the book [2] system (1) was proposed as a very suitable candidate of concrete four-dimensional flow possessing (at appropriate values of parameters) the wild pseudohyperbolic attractor with spiral structure. However for small values of parameter µ such attractor was not found. Indeed, we show that when µ is not quite big the system (1) can have only spiral quasiattractors. On the other hand, in this paper we show that the wild pseudohyperbolic spiral attractors exist in system (1) for not small µ (for example, if σ = 10, b = 8/3, r = 25, such (pseudohyperbolic) attractors are found at 6 < µ < 12).
Evidently, at µ = 0 system (1) has an invariant three-dimensional plane w = 0, in the restriction on which it is exactly the Lorenz system. Further we fix the values r = 25, σ = 10, b = 8/3 of the Lorenz system parameters. At these values of parameters and µ = 0, system (1) has the Lorenz attractor located as whole in the plane w = 0. However, in this case, the invariant plane w = 0 even at µ = 0 is not the normal hyperbolic manifold, since the contraction transverse to it is weaker than some contractions 6 along Figure 5 : The modified diagram of Lyapunov exponents on the (r, µ)-plane for fixed σ = 10, b = 8/3. Green and blue domains correspond to simple attractors (stable equilibrium and stable limit cycle, respectively). Yellow and red domains correspond to strange attractors with Λ 1 + Λ 2 + Λ 3 < 0 and
the plane w = 0. At µ = 0 the plane w = 0 is no longer invariant and, moreover, there is no any invariant smooth manifold of the form w = h(x, y, z), where h(0, 0, 0) = 0 (in particular, it follows from the fact that a pair of complex conjugate eigenvalues −b ± iµ appear at the point O when µ = 0). Note that the pseudohyperbolic conditions for the attractor is not fulfilled for small µ. So, at µ = 0 and r = 28, σ = 10, b = 8/3 the point O has eigenvalues λ 1 = 11.83, λ 2,3 = −2.67, λ 4 = −22.83. Thus, λ 1 + λ 2 + λ 3 > 0 and λ 4 ≪ λ 2,3 , i.e. at the point O we have that dim E ss (O) = 1, dim E cu (O) = 3, while the spectrum of the Lyapunov exponents on the attractor is such that Λ 1 (= 0.906) + Λ 2 (= 0) + Λ 3 (= −8/3) < 0. This means that the pseudohyperbolicity condition is evidently broken for some orbits of attractor. (3,1). Thus, the necessary condition of pseudohyperbolicity of an attractor
is fulfilled only in the red domain. Now we take the values of parameters as follows
The corresponding point (r = 25, µ = 7) belongs to the red domain 4 from Fig. 5 . At these values of the parameters, system (1) has an attractor, whose projections are shown in Fig. 1 . This attractor is spiral, since it contains the saddle-focus equilibrium O(0, 0, 0, 0) with the eigenvalues
i.e. λ 1 = 10.93, λ 2,3 = −8/3 ± 7i, λ 4 = −21.93 for values of parameters (6) . Thus, O is a saddle-focus of type (3, 1) . We note that, since dim E ss (O) = 1, dim E cu (O) = 3, the necessary conditions (5) of pseudohyperbolicity are also fulfilled here for numerically obtained Lyapunov exponents Λ 1 = 2.19, Λ 2 = 0, Λ 3 = −1.96, Λ 4 = −16.56.
We also verify that the subspaces E ss (c) and E cu (x) are continuous at the points of attractor: the corresponding LMP-graphs are shown in Fig. 7b . They are quite similar to those for the Lorenz attractor (compare Figs. 7b and 3a) .
The simplest geometrical model with spiral attractor of fourdimensional flow.
The geometrical model of wild spiral attractor was described in [1] . This model is rather complicated in many important details. However one can give very simple geometric constructions that clarify some important properties of this model. By analogy with the Lorenz attractor, we consider a three-dimensional cross-section Π and look for main geometrical properties of the corresponding Poincaré map T for the initial four-dimensional flow. Of course, we greatly simplify the real picture (see Fig. 8 ), however, it seems that the main qualitative properties will be quite similar.
For the model flow we will assume that it is quite similar to our main flow (1), i.e.
• it possesses the same symmetry (x → −x, y → −y, z → z, w → w);
• it has a symmetric equilibrium O(0, 0, 0, 0) of the saddle-focus (3,1) type with eigenvalues
• there is a three-dimensional cross-section Π for orbits of this flow and both unstable separatrices Γ 1 and Γ 2 of O intersect Π; denote the first such intersection points as
Now, by means of simple pictures (see Figs. 6 ), we try to illustrate both geometric properties of the Poincaré map T : Π → Π and principal transformations of this geometry at changes of parameters. For this goal, we assume, for simplicity, that Π is a threedimensional parallelepiped cutting by the plane Π 0 = Π ∩ W s loc (O) onto two cubes Π + and Π − , see Fig. 6 . Note that, as for the Lorenz model, the Poincaré map T : Π → Π is discontinue at Π 0 and the images T (Π + ) and T (Π − ) of the cubes Π + and Π − look as some three-dimensional wedges. However, unlike the Lorenz model, these wedges have a spiral form at the end points M * 1 and M * 2 . We can also introduce in Π the coordinates (x, y, w) in such a way that Π = {0 < x < 1, −1 < y < 1, 0 < w < 1} and Π 0 = {y = 0}. Thus, Π + = {0 < x < 1, 0 < y < 1, 0 < w < 1} and Π − = {0 < x < 1, −1 < y < 0, 0 < w < 1}.
Let us denote by Λ 1 , Λ 2 , Λ 3 and Λ 4 the set of Lyapunov exponents for orbits of the flow attractor, such that Λ 1 > Λ 2 = 0 > Λ 3 > Λ 4 . We have always that Λ 1 + Λ 3 + Λ 4 < 0. Besides, since the point O has σ 2 > 0, the discrete attractor A in Π contains always points of orbits with Λ 1 + Λ 3 > 0. Then we consider two different cases: (a) the attractor A contains also orbits with Λ 1 + Λ 3 < 0.
(b) the condition Λ 1 + Λ 3 > 0 holds for all orbits of A.
In the case (a) the geometry of the images T (Π + ) and T (Π − ), see Fig. 6a , can be similar to the case of the Lorenz attractor (compare Fig. 6a with Fig. 2a) . However, the difference is that the strong stable foliation E ss (x) has codimension 2 here: it consists from one-dimensional lines transverse to the planes x = const in Π which can be (very roughly) imaged as the invariant (under DT ) central-unstable subspaces E cu (x), where any contractions are uniformly weaker than any contractions along E ss (x). should be longer than in case (a) and, thus, it intersects Π 0 two times.
However, in the case (a), the differential DT does not expand areas in E cu (x) at all points. The expansion exists only near some regions adjoining plane Π 0 , see e.g. Fig. 6a where the front part of T -images of these regions are painted in a darker color), since σ 2 > 0 at the saddle-focus O. Thus, the attractor in this case is not pseudohyperbolic.
In the case (b) (Λ 1 + Λ 3 > 0) the geometry of map T is much more interesting, see Fig. 6b . Here the attractor can be pseudohyperbolic, since Λ 1 + Λ 3 > 0 and, thus, DT is area-expanding in E cu (x). We can image as before that the set E ss consists from vectors directed along the x-axis and E cu is a set of two-dimensional (y, w)-planes, where the y-axis and z-axis correspond, respectively, to the directions of exponential expansion and weak contraction of map T . The fact that DT is area-expanding in E cu should essentially affect the geometry of the images T (Π + ) and T (Π − ). It is only natural if T (Π + ) intersects the plane Π 0 (where the map T is discontinuous) two and more times (symmetrically for T (Π − )). Besides, T (Π + ) and T (Π − ) should be recovered by (y, w)-coordinates.
On attractors of system (1).
As was mentioned before attractors in the case (a), i.e. with Λ 1 + Λ 3 < 0, exist in system (1) (5) is not satisfied, since Λ 1 + Λ 3 = −0.99 < 0. However, the LMP-graph, see Fig. 5a , shows in this case that the foliation E ss (x) is continuous. Nevertheless, the existence of stable periodic orbits is not excluded here (for example, there can exist periodic orbits with one strong stable and two weakly stable multipliers).
Attractors in the case (b), i.e. with Λ 1 + Λ 3 > 0 exist in system (1) ss (x) and E cu (x) are continuous in this case. This excludes the existence of stable periodic orbits, since DT is area-expanding in E cu . Thus, we can conclude that the attractor of system (1) for r = 25, µ = 7, b = 8/3, σ = 10 is genuineit is the pseudohyperbolic spiral attractor. Some projections of exactly this attractor are presented in Fig. 1 .
In Fig. 8a this attractor is shown as an attractor of the Poincaré map T of an appropriate three-dimensional cross-section Π for flow (1) . Here Π + and Π − are two parts of Π separated by the surface Fig. 8a points of the attractor belonging to Π − are painted in green and black, and those belonging to Π + in red and blue 7 ). In principle, we can see that the real wedge T (Π + ) from Fig 8a is quite similar to its schematic "brother" from Fig. 6b .
We note that the cross-section Π = {(x, y, w)|x ∈ [−30, −10] ∪ [10, 30] , −20 ≤ y ≤ 20, −60 ≤ w ≤ −10} for flow (1) here is experimentally chosen as the union of two boxes belonging to the three-dimensional surface
Such choice of the cross-section is explained by the fact that orbits of the flow intersect surface (7) transversally, see Fig. 9 . It is worth noting that we can not take as the crosssection the planes z = const, as it is usually chosen for the Lorenz model, since the orbits that wind around the saddle-focus inevitably touch such planes. In general, the problem of choosing good cross-sections in problems of such kind is not trivial, however, in our case the section of form (7) solves this problem very successfully. We see that in this case the sum Λ 1 + Λ 3 is positive but not very large. This means that the expansion of areas in E cu (x) is not very big, so T (Π + ) and T (Π − ) can be packed into Π without folding along w-direction, i.e. the transversality of E ss (x) and E cu (x) is preserved. However, if the sum Λ 1 + Λ 3 is positive and quite large, T (Π + ) and T (Π − ) can not be well packed into Π and, thus, conditions of pseudohyperbolicity should be violated.
In the case of system (1), we found numerically that if Λ 1 + Λ 3 > 2 (this is only experimental observation), then the attractor is not pseudohyperbolic. In particular, the conditions of continuity of foliations E ss (x) and E cu (x) are visually violated. 
E
ss (x) and E cu (x) are discontinuous. Thus, the pseudohyperbolicity is evidently broken. The attractor in this case should be a quasiattractor. Remark 1. In Fig. 10 one more interesting possible case is shown, when the attractor has geometry like of those in Fig. 6a , but it possesses the property that DT is area expanding always in E cu . This attractor can be pseudohyperbolic and, geometrically, it has a Lorenz attractor configuration, since the images T (Π + ) and T (Π − ) of boxes Π + and Π − intersect Π 0 only by one connected components. However, the problem of existence of such attractors in system (1) is still open.
Verification of the wild nature for attractors
In the papers [49, 50] a very useful graphical method of kneading diagrams was introduced. This method helps to visually imagine the bifurcation set of homoclinic orbits to a saddle equilibrium O of a type (N − 1, 1) and, besides, it gives a simple tool for checking weather an attractor containing such saddle equilibrium belongs to the class of Lorenz-like attractors or it is a quasiattractor. The method of kneading diagrams is based on the fact that if the attractor is of Lorenz type, then the kneading invariant [60, 61] is the full topological invariant. Recall that the kneading invariant is an infinite sequence (s 1 , s 2 , . . . ) from two symbols 1 and 0 which are naturally defined by encoding of one of the unstable separatricies of the saddle O.
First of all, to describe the algorithm of such coding we recall the main features of the geometrical model of the Lorenz attractor. Let us denote a piece of the stable manifold containing the saddle O as W s . Then we choose an appropriate section Π such that the unstable separatricies Γ 1 and Γ 2 intersect it. Since the saddle O has N − 1-dimensional stable manifold, the N −2-dimensional surface W s ∩Π automatically separates the section Π into two parts Π + and Π − , see Fig. 2a for the classical Lorenz system or Fig. 6 for the four-dimensional Lorenz system.
By the symmetry of the Lorenz system, we can consider only one of the unstable separatricies of O, e.g. Γ 1 . If Γ 1 has the first intersection point with Π in Π + , the kneading sequence starts from 1 (from 0 if the first point is in Π − ). Next symbol 1 or 0 appears depending on the second intersection point belongs to Π + or Π − , etc.
Let q be some integer number, then, for each infinite kneading sequence, we consider its initial segment (s 1 , s 2 , . . . , s q ) of length q. For each such kneading-segment we define the decimal number D = ] are converted to the intensities of the blue channel, while the red channel has intensity 0. In both these cases the intensity of the green channel takes a random value as it was done in [50] . This scheme allows to obtain rather contrast picture.
Thus, on a parameter plane of the system, the regions with the same kneading segments will have the same color, while the curves where colors are changed correspond to a moment when Γ 1 (and, by the symmetry, also Γ 2 ) becomes a homoclinic orbit to O. We note that since the values of parameters where homoclinic loops exist (in domain LA) are dense [23] , then the transition between neighboring region with different colors corresponds to the change of the last symbol s q in the kneading sequence.
In Fig. 11 the kneading diagram for Lorenz system are shown on (r, σ) parameter plane. For values of parameters from region LA, where the attractor is genuine, the system does not admit homoclinic tangencies. In this case the strips with the same kneading segments have a regular form and they are separated from each other by smooth curves corresponding to the appearance of homoclinic loops of O, see Fig. 11b . The situation is changed beyond the boundary l A=0 of LA. Note that the curve l A=0 was numerically obtained in the paper [14] and it is well-known that to the right of this curve attractors in the Lorenz system belongs to the class of quasiattractors. In particular, this is connected with the fact that the so-called Bykov point B, [62, 63] belongs to l A=0 . Recall that this point is a codimension 2 bifurcation point corresponding the appearance of the heteroclinic cycle containing the equilibria O and both saddle-foci O 1 and O 2 (by the symmetry of the Lorenz system). The presence of point B implies very complicated structure of the bifurcation set which includes, in particular, bifurcations of homoclinic tangencies occurring for values of parameters to the right of l A=0 .
In contrast to Lorenz-like attractors, homoclinic tangencies in quasiattractors exist (moreover, since systems with quasiattractors belong to Newhouse domains, this tangencies appear at arbitrary small perturbations) and their bifurcations lead to the appearance of (infinitely) many stable periodic orbits. Thus, the kneading sequence of one of unstable separatrix should be considered as only one very informative invariant from an infinite set of topological invariants of system on an attractor [64, 65] . As for kneading diagram in this case, it should have a blurred structure, see Fig. 11b for some regions to the right of the curve l A=0 .
In this paper we adapt the method of two-parameter kneading scanning to distinguish wild pseudohyperbolic spiral attractors from the Lorenz-like attractors. If the attractor with the saddle equilibrium of (N −1, 1) type is wild pseudohyperbolic, then the kneading sequence of one of unstable separatrix is not the unique topological invariant of the system, since homoclinic tangencies significantly affect to the behavior of unstable separatricies of the saddle equilibrium. Thus, regions with the same kneading sequences chaotically mixed in a parameter plane of the system, see Fig. 12a where kneading diagram for system (1) is shown. In Fig. 12b the zoomed domain of this diagram near the point L4 (r = 25, σ = 10) is also presented. In the last picture the blurred structure of kneading diagram confirms the wildness of attractors of system (1) . Note also that the blue color of diagram near the point L4 means that the separatrix Γ 1 has the first intersection point with Π in Π + (and, thus, Γ 2 in Π − ) that is in the full agreement with the geometrical model (Fig. 6b ) and the Poincaré map T (Fig. 8 ) of system (1).
Conclusion
Until the paper [1] all known strange attractors could be conditionally separated into two quite different classes: a huge class of quasiattractors and a small class of genuine strange attractors consisting only of uniformly hyperbolic attractors and Lorenz-like attractors. In the paper [1] the class of genuine strange attractors was replenished by another representative member -pseudo-hyperbolic attractors. In [1] not only a theory of such attractor was laid but, moreover, the phenomenological geometric model of a four-dimensional flow possessing such type wild spiral attractor was constructed. Conditions for the existence of pseudohyperbolic attractors proposed in [1] were very realistic and it seemed, without a doubt, that such attractors could soon be found in concrete systems. However, the search for examples of such systems was too long, and our paper, it seems to us, is the first one in which a concrete example of a four-dimensional system of differential equations (quite simple by the form) with a wild pseudohyperbolic attractor is given. As we show, our attractor is one of the examples of the same wild spiral attractors that were discovered in [1] . We have no doubt that new examples of pseudohyperbolic attractors will not be long in coming, and the methods of their search and identification proposed in our paper will be very useful.
